A multi-harmonic balance method is applied to analyze the occurrence of strongly localized forced vibrations in a mistuned cyclic assembly of coupled, non-linear component structures under traveling wave excitation. In addition to considering the effects of the strength of coupling between and disorder among component systems, the study also investigates the relative effects of dry friction damping and viscous damping on the occurrence of strong localization. Results indicate that the degree of localization decreases as the amount of damping increases and that dry friction damped systems are more susceptible to localized vibrations than viscously damped ones. This multi-degree-offreedom system with many dry friction dampers is analyzed by a multi-harmonic frequency domain procedure. The issues of accuracy and convergence of the method when applied to systems with several strongly non-linear elements are discussed. This frequency domain solution technique is compared to time domain methods.
INTRODUCTION
In structural dynamics, the sensitivity to disorder is a major concern in the design and analysis of nominally periodic structures made of coupled component systems. It is now well known that the ratio of internal coupling strength to disorder strength is the key parameter governing the sensitivity to disorder.
For small values of this ratio, small structural irregularities, which break the structure's periodicity, may inhibit the propagation of vibration from the source of excitation and confine the vibration modes to a narrow geometric region-a phenomenon known as normal mode localization.
A number of studies have provided analyses of localized free vibrations for a variety of nearly periodic structures such as chains of coupled pendulums [l-3], coupled beam assemblies [4] , bladed-disk assemblies [5] , and cyclic assemblies [6-81. All these studies led to the conclusion that the degree of localization of the mode shapes depends primarily upon the ratio of coupling to disorder. Nonetheless, besides coupling and disorder, the magnitude and type of damping and the type of excitation must be considered in the study of localized forced vibrations. [4] investigated localized forced vibrations under a local source of excitation for chains of coupled pendulums and coupled beam assemblies, respectively. Kissel [9] also studied wave propagation and weak localization in disordered spring-mass chains, using a statistical approach. Wei and Pierre [7] demonstrated the occurrence of localized forced vibrations in mistuned assemblies with cyclic symmetry when all component systems are excited harmonically. However, the role of damping on the strength of localized forced vibrations has not been explored. Therefore, the primary objective of this paper is to investigate the effects of dry friction and viscous damping on the degree of forced vibration localization.
Hodges and Woodhouse [2] and Pierre
To that purpose, the cyclic assembly of coupled component systems chosen recently by Wei and Pierre [7] is investigated, with both friction damping and viscous damping present in the system.
Because of the piecewise type non-linearity of friction elements, previous studies of the frequency responses of cyclic structures with multiple dry friction dampers have been restricted to one-harmonic approximations. In several studies the single-harmonic balance method has shown adequate accuracy for the parameter ranges investigated, but the region of acceptability has not yet been justified. In the parameter region where the one-harmonic approach cannot provide satisfactory results (e.g., low excitation frequency or large dry friction force-that is, when stick-slip motions occur), a more precise method must be used such as time domain numerical integration. Although numerical integration methods generate accurate results, the time step and the duration of the integration vary as the system parameters change. Obtaining the steady state responses of multiple degree-of-freedom (DOF) systems with low damping ratios can also be computationally very expensive. Therefore, it is often difficult and impractical to conduct frequency domain analyses and automatic parametric studies through time integration. A compromise (with reasonable computing time and adequate accuracy) may be reached by choosing a multi-harmonic frequency domain analysis. Lau et al. [lo] developed such a multiharmonic technique, the so-called incremental harmonic balance (IHB) method, to study systems with cubic non-linearities. Pierre and Dowel1 [l l] applied the IHB method to analyze the dynamic instability of plates. This method was also modified by Pierre et al. [12] to analyze one-and two-DOF dry friction damped systems. Another frequency domain analysis of non-linear systems, a Galerkin/Newton-Raphson (GNR) method, was further developed by Ferri and Dowel1 [13] to handle a beam structure with two discrete dry friction elements attached to it. Ferri [14] showed that this GNR method was equivalent to the IHB method. However, the GNR procedure appears to provide a more automatic algorithm and to be more suitable to systems with several DOF. Therefore, in the present study, the GNR method is applied to obtain the multi-harmonic frequency response of the system. It is worth noting that previous studies of dry friction damped systems were restricted either to a single-harmonic analysis of many dry friction elements or to a multi-harmonic analysis of one, or at most two, dry friction dampers. Here, a multiple harmonic analysis of many dry friction elements is carried out. Note that a so-called fast Galerkin method recently developed by Ling and Wu [15] reduces the computation time required to obtain the higher harmonic terms. The method is thought to be essentially an efficient implementation of the IHB (or GNR) method.
Three major issues are addressed in this study. First, the results of the GNR analysis are compared with time integration results, and the acceptability of the one-harmonic approximation is discussed in terms of the system parameters. Second, the combined effects of disorder, coupling, dry friction damping and viscous damping on the forced response of a cyclic structure are explored. Finally, the occurrence of localized forced vibrations in weakly coupled mistuned assemblies is studied, and the relative effects of dry friction and viscous damping on the degree of localization are analyzed. This is believed to be the first study of localization for engineering structures with non-linearities.
EQUATIONS OF MOTION
The nearly cyclic assembly of coupled component systems shown in Figure 1 is studied. Each subsystem, consisting of a single-DOF oscillator with both dry friction damping and viscous damping, is coupled to the adjacent component systems through linear springs. The same system without dry friction dampers has been recently used by Wei Figure 1 . Geometry of nearly periodic structure with cyclic symmetry.
and Pierre [6, 7] as a simple model of continuously shrouded bladed disk assemblies to study localized free and forced vibrations in mistuned assemblies. The dry friction damping introduced here may be regarded as a model for platform damping in a turbine blade system. By component mode analysis it can be shown that each single-DOF component system is a one-structural mode approximation of a beam-like structure with a dry friction damper attached to the ground. Although the multi-DOF per blade model [16-181 and flexible dry friction damper model [19- 221 allow greater flexibility in modeling the practical system, to reach the objectives of the present study only a single-DOF oscillator and a Coulomb's dry friction damper (perfectly rigid when the damper is stuck) are adopted. The obvious limitation of this model is that it can only be used to predict the response of the system when slip modes are dominant. Therefore, it cannot be applied to design the optimal dry friction force for the dry friction damped system. To achieve this goal a multi-DOF per blade model (or a flexible damper, or both) ought to be adopted instead. For simplicity, disorder, or mistuning, is assumed to originate from discrepancies in the oscillators' stiffnesses. Also, the static and dynamic coefficients of friction are assumed equal. Therefore, the equations of motion of the system are iji+2~~bCii+W~iqi+2wfqi_W~qi-*-0~qj+l+(Fd/lll) Sgn (di)=Fi/??I, i=l 3 a. * 3 IV,
where q. = qN and qN+l = q, (a list of nomenclature is given in Appendix II). The external force for a given engine order excitation, n, is harmonic in time with phase differences between component systems. This type of excitation has been widely used in the literature for bladed-disk assemblies [20] . One has where
4i=2~n(i-1)/N, i=l ,***, N.
Upon introducing the following non-dimensional quantities,
Wii -0:
frequency, equation (1) 
The three key dimensionless parameters in equation (5) are AJ;:, R2 and p. AA is the disorder (or mistuning) strength for the ith subsystem, R2 is the coupling strength, and p is the ratio of external force to dry friction force. A multi-harmonic balance analysis is chosen to solve this set of non-linear equations.
METHOD OF ANALYSIS: GNR PROCEDURE
The Galerkin/Newton-Raphson method (GNR) developed by Ferri and Dowel1 [13] is outlined below and applied to obtain the steady state response of the multi-DOF and multi-dry function damper system described by equation (5) .
Equation (5) can be written in matrix form as
where
*. *. *. (7) ;,
is a "nearly cyclic" matrix, and
is the vector of non-linear and external force terms. An approximate, periodic of period 21r, multi-harmonic solution is assumed,
ZNH-1
x-f= 1 xej cos jr + xsj sin jz (9) j=1, 3 Since equation (9) cannot exactly satisfy equation (6), the Galerkin procedure is applied by substituting the expansion (9) into the governing equation (6) and requiring the resulting residue to be orthogonal to the space spanned by (cos jr, sin j7)j=,,~,,.,,(2NH-'~. This yields is a (2 * NH -IV) dimensional vector, and R is a residue vector of dimension (2 -NH -N) given in Appendix I. The Newton-Raphson iteration procedure is used to solve the above system of (2 . NH. N) non-linear algebraic equations. From an initial estimate y,,, the increment Ay is given by
where aR/@(,, is a (2 -NH* N) by (2 * NH. N) matrix given in Appendix I. The new estimate for y is therefore given by
Equations (13) and (14) are iterated until the residue vector R(y) is approximately equal to zero and the vector Ay is within the required accuracy; then convergence for the solution y of equation (11) is reached. Two types of algorithms were adopted to calculate the integrals involving the sign function and its derivative. The first one consisted of a closed form evaluation by using the exact sign function and its derivative (twice the Dirac delta function), while the other approximated the sign function by a continuous function. In the present study, the former (described by Pierre et al. [12] ) required less computing time, while the latter provided better convergence of the residue vector. Therefore, the exact sign function was usually chosen, except in parameter regions that led to convergence difficulties, where the alternative approach was applied and the following approximate function was used:
Sgn(x:)=(2/r)tan-'(yx:), i=l,...,N, for y >> 1,
where y determines the level of approximation of the sign function. As y approaches infinity, this approximate continuous function tends to the exact sign function and its derivative to twice the Dirac impulse function. However, choosing y very large also led to convergence difficulties for the residue vector. Therefore, in the computer program, a small y was initially selected and then y was gradually increased to achieve convergence as well as a good approximation of the sign function.
RESULTS AND DISCUSSION

TUNED SYSTEM
The frequency response of the tuned system can be obtained by applying the GNR method to equation (6) with Ah = 0. However, the cyclic symmetry of the stiffness matrix [K] in the tuned case can be exploited to transform the system (6) into N uncoupled equations given by Therefore, the tuned system's forced response can be obtained by solving a single nonlinear equation, and there is only one peak in the frequency response. Second, an increase in coupling, R*, increases the undamped natural frequencies of the tuned system, and thus shifts the frequency response's peak to a higher excitation frequency. Finally, the ratio n/N can be considered as one parameter, hence, an increase in engine order is equivalent to a decrease in the number of component systems. For 0 c 2m/ N d T the peak of the tuned system's response is shifted to a lower excitation frequency as n/N increases, and vice versa for r s 2rn/ N c 27r. The above observations are similar to the results obtained for a linear viscously damped system [7] .
Unless otherwise stated, the following results are obtained by the three-harmonic GNR method (i.e., the first, third and fifth harmonic terms are considered), and the amplitudes of vibration are the peak displacements. Figure 2 displays the frequency responses of the tuned system near resonance for various force ratios. One observes that a decrease in p, which is equivalent to a decrease in the external force or an increase in the amount of dry friction damping, reduces the resonant amplitude of the tuned system. To check the accuracy of the GNR method, a comparison of the steady state displacement waveforms obtained by the GNR method and by numerical integration is performed. Figure 3 shows the time history of the displacement of the first component system for p = 3 and R = 1.0. The result indicates that the one-harmonic approximation is adequate for this excitation frequency and this force ratio. Figure 4 displays the displacement waveforms of the first component system for p = l-5 and R = 0.6. It is observed that at such a low excitation frequency the one-harmonic analysis cannot approximate the stick-slip motion well, but that the three-harmonic procedure provides a much better approximation, especially in terms of amplitude and phase. Figure 5 compares the displacement waveforms of the first component system for p = 1.28 and R = 1.0. It is shown that, for this small force ratio such that the non-linear effect due to dry friction damping is dominant, several harmonics are necessary to approximate the motion even at the resonant frequency of the system. However, note that while the three-harmonic analysis results are in much better agreement than the single-harmonic ones with numerical integration in terms of both amplitude and phase, more harmonics should be considered to improve further the accuracy of the Gale&in procedure.
These figures suggest that a multi-harmonic analysis should be performed when the nonlinearity is strong or when the excitation frequency is much lower than the resonant frequency. However, although a multi-harmonic analysis provides better accuracy, it increases the computing time significantly and may lead to convergence difficulties for the Newton-Raphson procedure. Hence, the trade-off between accuracy and computing time should be judged by comparing with time integration. When one harmonic cannot provide good accuracy, and multiple harmonics may lead to both convergence problems and larger computing time than time integration, then time integration should be used instead.
MISTUNED SYSTEM
The GNR method was applied to obtain the frequency responses of ten-DOF mistuned systems. The effects of several parameters have been investigated. The calculations for the mistuned system are deterministic, and the disorder pattern chosen has standard deviation four percent (see Table 1 ).
The effects of coupling on the forced responses are shown in Figure 6 . Figure 6 (a) compares the frequency responses of strongly coupled (R = O-5) tuned and mistuned systems. Except for the apparition of several small peaks that are mostly damped out and for the splitting (due to mistuning) of the only peak of the tuned system's response, the frequency response of the strongly coupled mistuned system is similar to that of the tuned system. Figure 6(b) shows that the frequency response of the weakly coupled (R = 0.1) mistuned system is quite different from that of the tuned system, through the increase of the largest amplitude, the apparition of several peaks of comparable magnitudes, and the significant broadening of the frequency range with high amplitudes. Figure  6 (c) displays the frequency responses of decoupled and weakly coupled mistuned systems. One observes that the response of the weakly coupled mistuned system is qualitatively similar to that of the corresponding decoupled system. In fact, as observed by Wei and Pierre [7] , for a linear viscously damped system the response of the weakly coupled mistuned system is a perturbation of that of the decoupled mistuned system, and the response of the strongly coupled mistuned system is a perturbation of that of the tuned system. This is confirmed here for non-linear dry friction damped systems. Figure 7 displays the frequency responses of weakly and strongly coupled mistuned systems for various force ratios. For both weak and strong coupling cases, it is observed that a decrease in force ratio (which is equivalent to an increase in dry friction damping or to a decrease in external force) decreases the maximum amplitudes and damps out several small peaks. Also, as the force ratio increases, the response approaches that of the linear viscously damped system. Figure 8 shows the frequency responses of weakly coupled (R = O-1) tuned and mistuned systems for p = l-5. Comparing with Figure 6 (b), which is for p = 3.0, one observes that for these two different force ratios mistuning has similar effects on the weakly coupled systems through an increase of the largest amplitude and a widening of the passband. Figure 9 compares the frequency responses of weakly coupled mistuned systems with two types of damping: the first system is viscously damped only (l = 0.02646) and the other has both friction ( p = 1.5) and viscous (5 = OXMM) damping. The damping ratio (5 = 0.02646) of the first system is selected such that the largest amplitude of the viscously damped tuned system is equal to that of the tuned system with both friction and viscous damping shown in Figure 8 . It is observed in Figure 9 that for the equivalent viscously damped system the frequency range with high amplitudes is larger, while the increase of the largest amplitude due to mistuning is smaller than that for the system with both friction and viscous damping. These phenomena can be explained by the viscous damping "equivalent" to Coulomb friction damping in a single-DOF system, as follows. Using describing functions, the amount of viscous damping equivalent to friction damping can be shown to be inversely proportional to the product of the vibrational amplitude and the excitation frequency. Hence, the actual equivalent viscous damping in the dry friction damped mistuned system varies with the excitation frequency and the amplitude of each component system. It is worth noting that the equivalent viscous damping selected in Figure 9 is constant and is based on the largest amplitude of the dry friction damped tuned system. However, depending on the product of the excitation frequency and the corresponding amplitude in the dry friction damped mistuned system, the actual equivalent damping ratio may be larger or smaller. It is observed in Figure 8 that the product of the largest amplitude and the corresponding excitation frequency of the mistuned system is larger than that of the tuned system, therefore the actual equivalent viscous damping of the dry friction damped mistuned system at this excitation frequency is smaller than the selected damping ratio in the viscously damped system, hence leading to a higher largest amplitude for the dry friction damped mistuned system. The conclusion is that dry friction damping appears to be less effective than viscous damping in reducing the increase in largest amplitude caused by mistuning in weakly coupled systems.
LOCALIZED FORCED VIBRATIONS
It has been shown by Wei and Pierre [7] that localized forced vibrations occur in weakly coupled mistuned systems with very small viscous damping. This section is concerned with the effects of viscous damping and dry friction damping on the degree of localization. Figure 10 shows the amplitude patterns at various excitation frequencies for strongly coupled tuned and mistuned systems with both dry friction damping ( p = 3-O) and viscous damping (L = 0.004). It is observed that for the mistuned system most component systems experience higher amplitudes at the frequencies close to the resonant frequency of the tuned system, and vibrate with much smaller amplitudes at other excitation frequencies. Also, although some component systems may vibrate with very small amplitudes at frequencies close to the tuned system's resonant frequency, most component systems vibrate with comparable amplitudes; thus no localized vibrations occur. Figure 11 displays the amplitude patterns for we&y coupled tuned and mistuned systems with both dry friction damping ( p =3-O) and viscous damping (l = O-004). It is shown that at most excitation frequencies the maximum amplitudes of the mistuned system are larger than those of the tuned system except at frequencies very close to the tuned system's resonant frequency. Also, at most frequencies only a few component systems vibrate with much higher amplitudes than others, thus leading to so-called localized forced vibrations. Similar results were observed by Wei and Pierre [7] for a linear viscously damped system. It is also observed that the degree of localization varies with the excitation frequency. The localization phenomenon is most evident at the frequency corresponding to the largest amplitude of the mistuned system, and no strong localization occurs at some frequencies. Figure 12 shows, for different force ratios, the amplitude patterns at an excitation frequency that leads to a strongly localized behavior for the weakly coupled mistuned system. It is observed that, although the maximum amplitudes decrease significantly as the amount of dry friction damping increases, the degree of localization only slightly decreases with the increase of dry friction damping. Figure 13 shows the amplitude patterns for a weakly coupled mistuned system (with only viscous damping) at the same excitation frequency, for various values of viscous damping. The viscous damping ratios are selected such that the largest amplitudes of the tuned systems are the same as those of viscously damped (5 =O-004) systems with dry friction p =4, 2, and 1.5, respectively. It is observed that, in addition to the decrease in the maximum amplitudes, the degree of localization is also decreased significantly by the increase in viscous damping. This phenomenon can be explained by the fact that an increase in viscous damping decreases the resonant amplitude significantly, but has less effect at other excitation frequencies. Therefore, an increase in viscous damping significantly decreases the amplitudes of the component systems whose resonant frequencies lie close to the excitation frequency, hence leading to a decrease in the degree of localization. Comparing Figure 12 (c) with Figure 13 (c), one observes that, although the largest amplitudes of the tuned systems are the same (note that the amplitudes of these two tuned systems at this excitation frequency are different), the localized behavior is more pronounced for the dry friction damped mistuned system than for the corresponding viscously damped mistuned system. This can be explained by noting that the viscous damping equivalent to dry friction damping is, at a given excitation frequency, proportional to the inverse of the amplitude, and hence is smaller for a component system of the mistuned assembly with large amplitude and larger for a component system with small amplitude. Therefore, dry friction damping has less effect on the reduction of the maximum amplitude of the mistuned system at a given excitation frequency, and is more susceptible to lead to localized vibrations than viscous damping.
To check the accuracy of the GNR method for mistuned systems, the results can be compared with numerical integration. Figure 14 shows the displacement waveforms of the component systems with maximum and minimum amplitudes at one of the resonant frequencies of a weakly coupled mistuned system with dry friction damping. It is observed that a one-harmonic approximation gives very good accuracy for the displacement waveform of the component system with the maximum amplitude, but significantly over-predicts the amplitude of the component system with the minimum amplitude. A better approximation is obtained by using three harmonics. It is also interesting to compare the computing cost of obtaining the steady state response by different methods. For the specific case shown in Figure 14 , it was found that the computing time of numerical integration is about 5000 times that of the one-harmonic approximation, and that the cost of the three-harmonic analysis is only ten times that of the one-harmonic approximation. Therefore, more harmonics can be used to provide better accuracy with reasonable computing time for the component systems with small amplitudes in weakly coupled mistuned systems.
Another concern about the application of the GNR method is the convergence of the iteration process. It is worth noting that the GNR method cannot be applied to a system for which complete stick motion occurs. However, complete stick motions of some component systems do occur in mistuned systems when dry friction damping is present. In this case time integration has to be used instead. Figure 15 shows the ampEtude pattern, obtained by numerical integration, of a strongly coupled mistuned system for R = lU85 and p = 4.0. It is observed that even for a strongly coupled system the combined effect of mistuning and dry friction damping leads to the complete stick motion of the fifth component system. An alternative approximation of the response by the GNR method may be reached by constraining the component system with stick motion to zero amplitude and modifying the iteration matrices. However, the complete algorithm for this type of motion has not yet been developed. Finally, note that a similar behavior was also observed in the case of localized vibrations of mistuned weakly coupled systems, for which several component systems may remain stuck while others are vibrating with very high amplitudes.
CONCLUSIONS
The Galerkin/Newton-Raphson method has been applied to obtain the frequency response of a mistuned cyclic structure with many dry friction elements. The following conclusions can be drawn from this study.
1. For a tuned system, all subsystems experience the same amplitude at a given excitation frequency, and the one-harmonic approximation provides good accuracy for small dry friction damping at excitation frequencies close to the resonant frequency of the tuned system. A multi-harmonic analysis is necessary if the system has large friction damping or is excited at frequencies far from the resonant frequency.
2. For a mistuned system, all components may vibrate with very different amplitudes at a given excitation frequency. Although the one-harmonic approximation may generate satisfactory results for the component system with the maximum amplitude, it may not be accurate for the component systems with small amplitudes. Therefore, even at excitation frequencies close to the resonant frequency, and even for systems with small friction damping, a multi-harmonic balance analysis is necessary to obtain an accurate amplitude pattern for the mistuned system.
3. Mistuning has a more significant effect on a weakly coupled system with both dry friction damping and viscous damping than on one with only equivalent viscous damping through the increase of the largest amplitude in the frequency response.
4. Dry friction damping is more susceptible to lead to localized vibrations than viscous damping in a weakly coupled mistuned system, and the degree of localization decreases as damping increases.
